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Abstract. It is shown that every separable reflexive Banach space is a quotient of a reflexive 
?H ' Hereditarily Indecomposable space, which yields that every separable reflexive Banach is isomor- 

phic to a subspace of a reflexive Indecomposable space. Furthermore, every separable reflexive 
Banach space is a quotient of a reflexive complementably £p saturated space with 1 < p < oo 
and of a co saturated space. 



X 



1. Introduction 



< 

(— I [ An infinite dimensional Banach space X is said to be indecomposable if it is not the topological 

direct sum of two infinite dimensional subspaces. In the 70* J. Lindenstrauss [18] had asked 
if every infinite dimensional space is decomposable. Note that it was already known that the 
aforementioned problem has a positive answer for the members of a variety of classes of Banach 
spaces. For example, Banach spaces with an unconditional basis, nonseparable refiexive spaces |17| 
(or more generally nonseparable WCG spaces [2]), separable Banach spaces containing cq [23] are 
I all decomposable spaces. 

■ On the other hand since 1991 it is known that Lindenstrauss' problem has an emphatically neg- 
QQ I ative answer. Indeed W.T. Gowers and B. Maurey's discovery of Hereditarily Indecomposable (HI) 

■ spaces (|13j) has provided examples of Banach spaces with no decomposable infinite dimensional 
subspace. Since the seminal work of Gowers and Maurey the classes of HI and Indecomposable 

■ spaces have been extensively studied leading to some remarkable results. In particular, new tech- 
I niques have been developed concerning the existence of HI spaces having as a quotient a desired 

Banach space. These techniques follow two distinct directions. 

The first one, which appeared in [4], is closely related to the DFJP interpolation method 
(1101) and makes heavy use of the geometric aspect of thin sets, which can be traced back to 
A. Grothendieck's work ([H]) and was explicitly defined in R. Neidinger's PhD thesis ([20]). This 

■ method yielded that every reflexive space with an unconditional basis has a subspace which is a 
quotient of a refiexive HI space. In particular, separable Hilbert spaces and more generally any 
£p for 1 < p < oo are quotients of reflexive HI spaces. Using duality arguments, one may also 
conclude that refiexive ip spaces can be embedded into a refiexive indecomposable. 

The second method is based on saturated and HI extensions of a ground norming set and led 
to the most general result concerning quotients of HI spaces. Namely, as is shown in [9], every 
separable Banach space not containing £i is a quotient of a separable HI space. Comparing the 
aforementioned techniques, one should point out that the second leads to more general results but 
by its own nature the dual of the resulting HI space is decomposable. Thus, for a given separable 
reflexive space X the corresponding HI space Y which has X as a quotient is never reflexive. On 
the contrary, whenever the flrst method is applicable it leads to HI spaces with structure similar 
to the starting one (i.e. starting with a reflexive space the obtained HI space remains refiexive). 
The aim of the present work is to prove the following: 

Theorem I. Let X be a separable reflexive space then, 
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(1) X is a quotient of a reflexive HI space. 

(2) X is isomorphic to a subspace of a reflexive indecomposable space. 



Since the dual of a reflexive HI is indecomposable (2) is a direct consequence of (1). The proof 
of the theorem is based on a combination of the aforementioned methods and uses certain auxiliary 
spaces which are constructed either by interpolation or extension. More precisely, starting with 
a reflexive space X with a Schauder basis first we define a space Xq with a Schauder tree basis 
{et)t£T^ a weakly compact symmetric subset W of Xq and a map $ : Xo -> ^ such that is | 

dense in the unit ball of X, which implies that X is a quotient of Xq. The definition of Xq shares 
common features with the corresponding one in [4], however it requires certain modifications as 
in the present case the basis of X is not necessarily unconditional. It is worth mentioning that 
if we were able to show that is a thin or (a„)„-thin set (c.f. j4|) of Xo then applying a HI 
interpolation on the pair (Xq , W) we would arrive to the reflexive HI space X which has X as a 
quotient. This remains unclear and we proceed as follows. 

In the second step using DFJP £2 interpolation on the pair (Xq, W) we obtain a reflexive space 
Xi with a Schauder tree basis {et)teTK^ where Tk is a complete subtree of T and a bounded closed 
convex set W such that W ~ Jf ^(M^). Here, Ji : Xi — > Xo is the usual operator mapping the 
diagonal space to the original one. Note that the composition operator $ o maps W onto a i 
dense subset of Bx and thus X is a quotient of Xi . As in the case of Xq it remains unclear whether 
the set is a thin subset of Xi. Since Xi is a separable reflexive space there exists a countable 
ordinal ^ such that every weakly null sequence in Xi does not admit a £| spreading model (c.f. 

0). 

The next step is the most critical. Here, using a ^-saturated extension method (|5]) we pass 
to a new space denoted as X^ and : X^ — > Xi a bounded linear injection such that the set 
— I^^{W) is a weakly compact and also thin set. Let us note that the structure of Xj 
resembles the generalized Tsirelson space (c.f. 9 ). In that sense X^ has a much richer local li 
structure than Xi . Thus the thinness is established in a space with a strong presence of local £1 
structure which a-priori seems contradictory or at least peculiar. The final step is the expected one. 
Namely, we apply a HI interpolation on the pair (X^, W^) to obtain a diagonal reflexive space X and 
a bounded convex set such that the natural operator : X X^ satisfies J^(W^) — W^. As 
the set is thin the space X is HI and is the desired one. Indeed the operator Q — $ o o o 
maps the set to a ^ dense subset of X which yields that Q : X — > X is a quotient map. 

The paper is organized as follows. Section 2 concerns preliminaries. Section 3 is devoted to the 
definition of the space Xq which as was mentioned has a Schauder tree basis (64)7- equipped with a 
partial form of unconditionality defined as "segment-complete unconditional" tree basis. (Def. [S]). 
The main result of this section is that when X is reflexive although the space Xq is not necessarily 
reflexive the set W is weakly compact. In section 4 we prove the following: 

Theorem II. Let {X, || • ||) he a reflexive space with a segment complete unconditional tree basis 
iet)teTO-nd K be a bounded subset of X such that for a; S K, suppx is a segment of T . Let also 
^ < wi such that X does not admit a £| spreading model. Then, there exists a norm || • ||{ on cqq{T) 
such that setting Xj to be the completion of (coo(T), |1 ■ Il5)^^e following hold: 

(1) For every x G Coo(T) ||a;|| < \\x\\^. 

(2) For every x G K, = \\x\\^. 

(3) Denoting by the set co(K U — K) in X^ we obtain that it is weakly compact and thin. 
This theorem provides a tool for constructing thin sets in spaces with a Schauder tree basis. 

The norm of the space X^ is defined via a norming set which contains as ground set a norming 
subset of the dual of the space X and which is saturated for finite sequences of functional with 
pairwise incomparable, segment complete supports. In section 5 we show that the diagonal space 
in the DFJP £2 interpolation applied on the pair {Xq,W) has a segment complete unconditional 
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tree basis. In section 7 combining the results of sections 4,5 and 6 we prove the foUowing: 

Theorem III. Let Y be a reflexive space. Then for every p G (1, oo) there exists a reflexive space 
Xp such that every subspace contains an isomorphic copy of £p, complemented in the whole space 
and Xp has Y as a quotient. Additionally, Y is a quotient of a separable cq saturated space. 

It is worth mentioning that the first resuh in this direction was done by D.H. Leung in |15j 
proving that every separable Hilbert space is a quotient of a co saturated space and it was followed 
by the results in [i] mentioned earlier. More recently, following different techniques, I. Gasparis 
in [11] and [12] has shown that certain members of the class of separable reflexive spaces are 
quotients of Cq saturated spaces. Let us also point out that Theorem III provides examples of 
reflexive Banach spaces with divergent structure between the spaces and their duals. For example, 
there exist spaces Xp as above such that their dual contains HI subspaces. 

In Section 7 we present a variant of the HI interpolation method appearing in [3] which is traced 
to pi. The necessity for modifying the initial HI interpolation method is the requirement that the 
diagonal space admits a Schauder basis. Similarly to [4 applying the new HI interpolation to a pair 
(X, W) with W being convex, symmetric, weakly compact and thin subset of X we obtain that the 
diagonal is reflexive HI and this proves Theorem I in the case where X has a Schauder basis. The 
general case of a separable reflexive space mentioned in Theorem I follows by the classical result of 
M. Zippin that every separable reflexive space embeds into a reflexive space with a Schauder basis 

(EU). 

The research included in the present paper was carried out in 2006. In April 2007 Richard 
Haydon visited us in Athens and with his collaboration we were able to prove that there exists an 
indecomposable space X containing £i. After the solution of the "scalar plus compact" problem 
(LS,) the aforementioned result was adapted to the £oo frame as follows: 

Theorem There exists a Coo space X with the scalar plus compact property containing £i. 

As it is also mentioned in [6] the ultimate problem concerning the cofinal properties of Inde- 
composable Banach spaces is the following: 

Problem Does every separable Banach space not containing cq embed into a separable indecom- 
posable space? 

We made an effort to make the present paper as self contained as possible. Thus, except for a 
few technical or well known results all the other proofs are included. 

2. Preliminaries 
Let us recall some standard notation and definitions for trees. 

Notation 1. 

1. Let A be a countable set. By [A]<" and [A] we denote its finite and infinite subsets 
respectively. We consider [AJ^"^ to be equipped with the partial ordering of the initial 
segment denoted by C. 

2. By a tree on A we mean a subset T of [AJ^"^ which is backwards closed under C. 

3. Let T be a tree on A. A segment of T is a subset of T of the form {t G T : ti ^ t ^ ^2} 
with ti,t2 G T. We will usually denote segments of this form by [^1,^2] or more generally 
by s. For e T we denote by ti the set {t G T : t Q ti}. For a segment s C T, s has a 
similar meaning, namely s — {t e T : 3 t' G s such that t C t'}. For t e T we set \t\ the 
cardinality of the set {t' e T : □ t} to be the height of t. For every n e N the n*''-level 
of T is the set {tGT :\t\^ n}. 

3 



4. We identify the branches of a tree T with the elements of the set {(ai)^^ • (^i)i=i ^ 
T, V A; G N} and we denote this set by [T]. For every b e [T] with b = {ai)^^ we set 
b\n = (ai, ...,a„). 

5. Two nodes ti,t2 G T are called comparable if either ti C t2 or t2 E ti- More generally, if 
Ai, A2 Q T then Ai,A2 are called comparable if there exist ti S Ai and t2 € A2 which are 
comparable. Otherwise Ai,A2 are called incomparable. We will write Ai _L A2 to denote 
the fact that Ai,A2 are incomparable. 

6. For t e T by Ot we denote the set Ot = {b e [T] : 3n € N such that b\n = t}. The sets 
{Ot : t G T} form the usual basis of the topology of [T]. 

6. For every t £ T and b € [T] we will write t€bi{3nGN such that b\n = t. For every 
segment s of T and 6 e T we will write s C 6 if G s it holds t Gb. 

In the following sections all trees are considered countable, finitely splitting and with nonempty 
bodies. 

Definition 1. For every such tree T we fix a bijection /it : T i->- N such that the following hold: 

i. /itC^i) < hT{t2), whenever \ti\ < 1^2 1 

ii. Ifti,t2 e T and \ti\ = \t2\ ie. ti = (ai,...,a„) andt2 = (6i,...,6„) then /iT(ti) < /iT(t2), 
whenever an <bn- 

When the tree T is understood we will refer to /it simply as h. We denote by coo(T) the linear 
space of all functions / : T H- M such that supp(/) = {< S T : f{t) 7^ 0} is a finite set. We also 
denote by {et)teT the standard Hamel basis of coo(T) consisting of the characteristic functions of 
all singletons {t} C T. 

Definition 2. Let {Ai)^^ be a sequence of finite subsets o/T. We will say that {Ai)f!^i is 

i. a block sequence ifuia,x.{h{t) : t S Ai}< mhi{h{t) : t € ^i+i} and we will write Ai < A2 < 
... <An< ... 

n. a level-block sequence i/max{|f| : t G Ai}< min{|(f| : t £ ^i+i} and we will write Ai -<'■ 
A2 -<'■ ... ^' An ... 

iii. For a sequence (/i)^^! of elements o/coo(T) we will say that (/i)^^! is block (level-block) 
i/(supp/i)^i is a block (level-block, respectively) sequence of subsets o/T. 

For the sake of simplicity of notation if A is a subset of T we will write min A for mm{h{t) : t G A} 
and if A is finite maxA for max{/i(t) : t S A}. We will also write min' A for = min{|t| : t G A} 
and max' A for max{t : t G A} . 

Definition 3. Let A, I be subsets o/T. 

i. We will call A segment complete if for every ti,t2 in A, with ti C t2 
[ti,t2]QA. 

ii. / will be called an interval o/T if h{L) —{h{t) : t G T} is an interval o/N. 

We note that every interval / of T is segment complete. 

Definition 4. For every f G coo(T) we define ran/ to be the minimal interval / o/T such that 
supp/ C /. Similarly, we set ran'/ to be the minimal interval l' of T of the form /' ={t G T : 

JTi < |t| < M} such that supp/ C /'. 

Remark 1. It is clear that a sequence (/i)^i in Coo(T) is 

i. block if ran/j < ran/j+i Vi G N 

ii. level-block if ran'/j < ran'/j+i Vi G N. 

3. Tree representation of the ball of a Banach space 

Let X be an arbitrary Banach space with a bimonotone, normalized Schauder basis {xi)i^fi and 
(2;*)ieN the biorthogonal functionals of {xi)i^iq in X*. In this section we define a tree T and a 
norm on coo{T) that will help us "spread" along the branches of T a set K which is isometric (via 



a map $ to be defined later) to a |-net in tlie unit ball of X. We will denote by Xq the completion 
of Coo(7~) with respect to this norm. This technique gives X as a quotient of Xq. In addition we 
show that if X is reflexive then the set K is weakly compact in Xq. We start with the following 
general definition. 

Definition 5. Let T he a tree and a norm \\ ■ \\ defined on cqq{T) such that the sequence (et)teT 
is a Schauder basis for the completion of cqq{T) denoted by Xt- Then 

1. The norm \\ ■ \\ and the basis {et)teT will he called SC -unconditional if for every ACT 
segment complete and x = X^teT ^ -^t we have: 

\\Y.>^tet\\<\\'Z\tet\\ 
teA teT 

2. Let ip : T ^ a function assigning to each node of T a scalar ijjit) G [—1,1]. 

Let also C > 0. We consider for each t € T the vector yt = '^i>^ii,Kt')('^i' '^"'^ ''^^ 
= {yt e Xt : ||yt|| < C}, K| = {yt\I : \\yt\\ < C and I is an interval ofT) and 

= K2 

For the rest of this section we assume that X is a fixed Banach space with a Schauder basis 
{xi)i and {x*)i the biorthogonal functional in X* . We pass on to define a <SC-unconditional norm 

on coo(7~) where 7" is an appropriately defined tree such that the completion of this space with 
respect to this norm has a quotient isomorphic to X. We start with the definition of T- 

Definition 6. Let {F„)^^i be the following sequence in ([—1, 1] n Q)^'^ 

Fn = {±-^ : 1< i < 8"} Vn e N. 

We set 

T = {{ai,a2,...,ak) : ai € Fi,i < k,k gN} 

It can be readily seen that T is a countable, finitely splitting tree such that every t G T with 
\t\ = n, has 2 • S""*"^ immediate successors. 

The norming set Go{X) of 3£o is defined as follows: 
Definition 7. Let Gq{X) be the following subset of coo{T) 

n n 

GliX) = {^a.^eM|5]a,x*||x. <1} 

i=l \t\=i i=l 

Set 

Go(^) = {/|a : ./ G Gq(X) and A is a segment complete subset ofT} 
where f\A denotes the restriction of f on A. 

We consider the norm on coo(T) induced by the set Gq{X). Namely, 
Vx e coo(T) we set ||x|| = sup {/(x) : / S Go} 
The space Xq is the completion of ooo(7') under the norm defined above. It can be readily verified 
that the sequence {et)teT (enumerated through h) becomes a bimonotone, normalized Schauder 
basis of Xq. We also have the following easy observation: 

Remark 2. For every ACT segment complete the natural projection Pa : Xq i->^ Xq defined by 

We will need the following Lemma that gives a description of the pointwise closure of the 
norming set Go(^). 
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Lemma 1. Let 

oo oo 

G = {f\A : f = Gj Cj, II ajX* \\x' < 1 and A is a segment complete subset ofT^ 

i=l \t\=i i=l 

P 

where all limits are taken with respect to the -topology. Then Go(-^) = G. 

p p 

Proof. It is easy to see that G C Go{X) . Let / G Go(X) . Then there exists a sequence (/„)„ in 

GoiX) such that /„ A /. Each /„ is of the form /„ = Xa„ ■ {J2^=i J2\t\=i )' where An are finite 
segment complete subsets of T, is the characteristic function of An and l| X]i'=i '^f^j* II — 1- 
Let gn = ■ Then there exists a M e [N] such that the sequence {gn)neM converges 

to a (7 £ Bx*- Let i G N. Denote by the hmit hm„gM i" and set A = hminf„gM^ra 
which can be readily seen to be a segment complete subset of T- Considering the functional 
/ = X^i^i '^4 J claim that the sequence (fn)neM converges w* to /. Indeed, let 

t ^ T with \t\ — i. li t £ A, then lim„g7\/ /„(ef ) = = f{^t)- Assuming that t ^ A then 
hm„gA./ fn{et) — f{et) — 0. Hence, f — f & G and the proof is complete. □ 

We pass on to define the map i/; : T ^ N that will give us the corresponding set 

3.1. The set K. 

The set K and the map $ are defined as follows: 

Definition 8. Let tp : T N he the following assignment. For every t = (oi, 02, fln) G 7" we 
set ip{t) = at = On and yt — X^t'ct afet' . We set K — as in Definition\5\ 

Definition 9. We consider a map $ : Xo M> X defined as *I'(X]teT ^tc^t) — ^t)xi. 

Remark 3. We can see that $ is a bounded linear operator with ||$|| < 1. In addition, for 6 G [7~] 

if we denote by Xh the subspace X;, = < : t G 6 >" " then we have that $ restricted to Xb is an 
isometry. 

We also have the following 

Proposition 1. The set $(K) is a ■^-net in the unit ball Bx of X . Moreover, the map $ is onto. 

Proof. Let x — ^"-^n ^ ^x- Since the basis of X is bimonotone we have that |6„| < 1, for 
all n G N. For each n G N we can choose a„ in the set Fn — {±gTr : 1 < « < 8"} such that 
\hn - an\ < ^. If we set a = {an)n=i S [T\ then = X]„ane^|« e K and \\^{ycr) - x\\x < |- 
Indeed, if we let X^ — < et : t ^ a >, then by Remark [3]$ : X^- n> X is an isometry. Thus if we 
denote the restriction of $ on X^ by $o- we have that <&ct ^(X^n ^nXn) — J2n ^nS<T|n 

\\J2n^nealn\\xo = 1 1 *(E„ ^ne^|„) || X = IIE„^n2;„||x < 1- ThuS, 

II X!""^'^!" 11^0 - II X!^"^'^l"ll^o + ^\0'n- bn\ ^ 1 + ^ 
n n 

This gives us that y^ is an element of K. Finally, 

\\^bne^\n - ^ane^\n\\xo = \\'^(^bne^\n) " '^C^ ane„\n)\\x = ||*(ya) - a;||x < ^ 

n n n n 

□ 

The following Lemma shows the behavior of incomparably supported sequences of vectors in K 
if we assume that X has a shrinking basis. 

Lemma 2. Suppose {xi)i is a shrinking basis for X , then for every sequence {yn)n in K such that 
(suppj/„)„ are finite and mutually incomparable subsets ofT we have that y„ —i- 0. 
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Proof. Let (y„)n be as above. In order to prove that {yn)n is weakly null it is enough to show that 
fiVn) — J" 0,V/ e Go''. Choose / G Gq^. By Lemma [1] there exist a g = ^ ^x* and a 

segment complete A (Z T so that / = <Ya X^i^i ^« Stt|=4 • L*^* '^n ^ supp2/„ n A, z„ = y„|A = 
X^tGs-* '^t^t ^^'^ observe the following, 

oo 

f{yn)^J2^^J2e:{z^)^g{^Zr.)) 

1=1 \t\=i 

Hence, it is enough to show that g{^{zn)) — ^ 0. As $(z„) ~ X^tGs-i ^tx\t\ it can be seen that 
for i G N, x*mzn)) = at, if s:^ D U ^ $ and zero otherwise. Since T is finitely branching and 

± s4 for all n TO e N, we deduce that for a fixed i G N the set {n G N : fl Li 0} is finite. 
Thus, x*{zn) — > 0. Finally, as {xi)i is shrinking we obtain that g{zn) -> and this completes the 
proof. □ 

Proposition 2. For every reflexive Banach space X with a bimonotone normalized Schauder basis 
{xi)i the set K is weakly compact. 

Proof. Let {wn)n be a sequence in K. Up to an arbitrarily small perturbation we may assume that 
suppuin is finite for all n G N. We set s„ = suppu;„ and we observe that each s„ is a finite segment 
of 7". So, Wn = X^tes '^t&t- We may also assume (by passing to a subsequence if needed) that for 
each t G T, ej" («;„) -> w{t) G M. We set S" ={t G T : ^ 0}. We know that 5" is a segment of 
7" (finite or infinite). Thus, we may assume that each y„ has a decomposition yn = Un + y-n where 

i. (suppu„)„ is an increasing (with respect to C) sequence of segments of S 

ii. (suppy„)„ is a sequence of incomparable segments of 7". 

We set Wg — X^tes if 5 ^ and otherwise. We claim that Wn — > Wg. Lemma [2] yields that 

{yn)n is weakly null. To finish the proof we shall show that u„ ^ Ws- Indeed, for every n G N 
we have that suppu„ C S and since Wn G K we have that u„ G K for all n G N. Thus, as the 
basis of X is boundedly complete, u„ A Wg and ||$(M„)|jx = ||wn||3eo have that G K and 

Remark 4. The connection between the set K and Bx when X is an arbitrary Banach space with 
a basis is not completely clear to us. For example, if one considers X to be cq with the summing 
basis then it turns out that K contains a sequence equivalent to the standard basis. Indeed, we 
notice that the norming set in this case becomes Go'' — {^Xa : A C T segment complete} where 
by Xa we denote the characteristic function of A. We can construct a sequence {wn)n in K which 
has no weakly Cauchy subsequence. To see this choose a sequence {tn)n C T with the following 
properties, 

i. Each tn is of the form t„ = (ai, a^^) and a^^ = at^ = ^; 

ii. tn J- tm for all n 7^ to G N. 

For each n G N set t[^ — tn ^ ^ ^ (ai, ...,ak„, ^) and Wn = at^ct^ + af^et'^. To see that (w„)„ 
satisfies the desired property, choose a subsequence(u;mi)iGN- Let t{i) = tmi when i — 2k and 
t{i) — when i = 2k— 1. It is clear that {t{i))i are mutually incomparable. Therefore, the set A — 
U^i{i(i)} is segment complete. So the functional / = Xa G Go^ estimates \f{wmi) — fiwTni+i)\ = 1 
for all i. By Rosenthal's theorem [35] we obtain that {wn)n is equivalent to the basis. 

4. Thin subsets of Banach spaces 

Let T be a tree and || ■ \\xt be a iSC-unconditional norm defined on coo(r). Denote by Xt the 
completion of 000(2^) with respect to || • \\xt- Fix also a function ip : T ^ [—1, 1] and (referred 
to as K for simplicity) as in Definition [S] 

In this section we present a general method for extending the norm of Xt to a new norm defined 
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on 000(7") such that the completion of this space contains K as a thin subset. Namely, the entire 
section is devoted to the proof of the following theorem: 

Theorem 1. Suppose that Xt is reflexive and K is a weakly compact subset of Xt- Then there 
exists a space such that the following hold: 

1. The identity operator / : — ^ Xt is continuous. 

2. K C /(3Cj) and the closed convex hull 0/ (/~^(K) U /^^(— K)) is s weakly compact and thin 
subset ofX^. 

The notion of thinness was introduced in pTj and was extensively used in [3] where several 
methods for proving that a set satisfies this property were developed. We give the corresponding 
definition in subsection 14.31 where we also prove the aforementioned Theorem. Before doing so 
though we need some preparatory work which is done in the following subsection. 

4.1. Tsirelson type spaces and norms. 

We start with some preliminary results concerning families of finite subsets of N and Tsirelson 
type norms. Most of these results are well known and have been extensively used in the relevant 
literature, with the exception of Lemmas [3l|4l [5] and Remark [5] which can be found in [19' and were 
brought to our attention by the authors. We include this subsection in order to make the text as 
self-contained as possible. We start by recalling the following notions concerning families of finite 
subsets of N. 

Definition 10. Let A4 be a family of finite subsets o/N. A4 is called 

i. Compact if the set of characteristic functions {Xa '■ A E M.^ is a compact subset of {0, 1}'' 

ii. Hereditary if for every A G M and B C A we have B E A4 

iii. Spreading if for every A ~ {ti < t2 < ... < tr} £ M and B = {t[ < t'2 < ... < tj,} with 
ti < t'j^ \/i = 1, ...,r we have B £ A4. 

Definition 11. Let M C [N]<". 

i. A finite sequence {Ei, En) of successive and finite subsets o/N is called Ai — admissible 
if there exists F M with F = {mi < m2 < ... < 7n„} such that mi < Ei < m2 < -E3 < 
... < mn < En 

ii. A finite sequence (/i, /„) of vectors in coo(N) is called Ai — admissible if (supp/i)"^^ 
A4 — admissible. 

Definition 12. Let J-,Q be two families of finite subsets ofN we define: 

i. The block sum I' ® G = {M U N : M < N, M e G, N e 

ii. The convolution F®Q = {^"^^iFi : Fi < ... < Fn,Fi e T,i^l, ...,nand {mini^Jf^^ £ g} 

Definition 13. The Schreier hierarchy was first defined in Jj. It is a set of families (i5^){<a;i of 
finite subsets of N which can be defined recursively as follows: 

Sa = {{t} : t e N} U {0} 
Let ^ < ioi and suppose that have been defined for all C. < ^ Then 

i. If S, = C + ^ we set = Sc; ^ Si 

ii. If ^ is a limit ordinal then we fix a strictly increasing sequence of non-limit ordinals {^n)n 
with sup^n — ^ and set = U-^i{^ ^ '■ F > n} 

It can be verified by transfinite induction that each for ^ < wi is compact hereditary and 
spreading. We will need the following two results found in [12] concerning the families (iS^)^<cji 
which can be proved by transfinite induction. 

Lemma 3. For every ordinal ^ < lui and M G [N] we have 
i. [M]^^®S( C5j(g)[M]^2 

n. IfminM > 3, then [M]^^ ^ {S^ © [Mp^) C (E> [M]^^ 
Remark 5. By Lemma [3] we have that VM G [N] and ^ < wi 
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The Spaces T{e, F) 

Let < < 1 and be a compact hereditary family of finite subsets of N. 

Definition 14. Let Ge,jr be the minimal subset of coo{N) such that 

i. ±e„ eGe,j^ Vn e N 

ii. Gg^jr is closed under the {9, J-') -operation. That is if {fi)f^i is an J-'- admissible family in 
coo'(N) thenOY^I^J, S Ge,T ■ 

The space T{9,J-) is the completion of coa{N) under the following norm 

Vx e coo(N) we set ||a;||(0,^) = sup{/(a;) : / e Ge^jr}. 

Detailed expositions of the T{9, F) type spaces can be found in [S]. In the sequel we shall denote 
= Tl = T{},S^ (g) m^^) and r| = Ti^,S^ © [N]-^). The following two Lemmas are 

results in jlQl but for the sake of completion we include their proofs here. 

Lemma 4. Let ^ < wi. Then for every finite sequence (&i)i=i scalars we have 
I- \\Y!l=lb^e.\\Tl<^Y!l=lhe^\\T, 
n. IIEli&.eJ^. <3||Elife»e,||T, 
Where by (ei)igN denote the standard Hamel basis of cqo(N) . 

Proof 1. By Remark[S]we have that [N]-^ ® (5^ ® [N]-^) C 5^ [N]-^. Let G^i be the norming 
set of T^ and let / e G^i. We will define gi < ... < gi with I < 8 and gi £ Gt;, * = 1, ^ such 
that / ~ Y^i^idi- We use induction on the complexity of /. Let / = ±e„ for some n £ N,then 
there is nothing to prove. Let / = ^ such that 

i. /i < ... < fd 

ii- {fi)i=i is an (8) [N]-^ admissible sequence 

iii. For every fi there exists a sequence < ... < g^. such that g^- G Gtc for j = and 

Now since {min/Jf^^ G 5^ ® [N]^^ Remark [5] that Uti{minffj : j < h} G 5^ (g [N]^^ Thus 
there exist Bi, ...,Bk with fc < 8 such that 

1 . Bm G iS^ for all TO = 1 , . . . , fc and 

2. Bi < ... < Bk 

such that Uti{ming] : j < h} = Um=i ^m- By setting .g^™) = 5(Eming-GS,„ 5i) we get 

a- /^ELiS^"^ and 
b. G Gt, 
as desired. 

IL By Lemma [3] we have [N]-^ (g) (5^ © M^^) C 5^ © [N]-^. Using the same arguments as in the 
proof of L we conclude that for every / G there exist gi < 92 < 53 with gi G Gt^ for 1=1,2,3 

such that / = 9i- D 

Definition 15. Let M G [N] with M = {toi < TO2 < ...}. 

i. For every m £ M we set m+ to be the immediate successor of m in A/, that is mf — to^+i 
for all i 

ii. If Ae [A/]-" then we set A+ = {m+ : to G A} 

Lemma 5. Let ^ < Ui and M G [N] M — {toi < m2 < ...}. Then for every finite sequence 

of scalars we have || XlLi ^^s™. II - II ^■'^m+ II - 3|| X^Li ^i*^™; II where all norms are 

considered in the space Tj. 

9 



Proof. Let A e [Af]-*^. Suppose that yl+ = {m+ : m E A} £ S^. Since 5^ is a spreading family it 
follows that A \ minyl G S^. Thus, A d (B [M]-^. So, if we consider / G Gt^ with the property 
supp/ C {m+ : i = 1, fc} there is an /' G G^^ such that f{Y,t=i < /'(I]j=i ^ie„J and 

this gives 

On the other hand since is spreading it is easily verified that 

ii- II E^i bzCm, IItj < II ELi b^e^+ IIt; 
combining i. and ii. we have 

II ELi ^«e,„, IItj < II ELi ^*e„+ IIts < II ELi ^»e™. IIt| 
and by Lemma |4] we get the desired. □ 

4.2. The norming set G^. 

In this subsection starting with Xt, as in the introductory paragraph of the section, assuming 
that Xt does not contain an isomorphic copy of £^ we define and prove that it satisfies the first 
two properties of Y mentioned in Theorem [1] Namely, we show that the identity map / : — ^ Xt 
is continuous and that the set /^^(K) is a weakly compact subset of X^. We start with some well 
known results concerning €^-spreading models. 

Definition 16. A bounded sequence {xn)n in a Banach space Y is an £^-spreading model, for 
< LOi, if there exists a constant C > such that 

for every F E and all choices of scalars {ai)i^p. 

The following is a well known result and for its proof we refer the interested reader to [7] . 

Lemma 6. // a separable Banach space Y contains £^-spreading model, for every ^ < wi, then Y 
contains an isomorphic copy of £^ . 

As we have supposed, the space Xt does not contain £^ therefore it follows that there is ^ < wi 
such that Xt contains no ^^-spreading model. We fix this countable ordinal ^ < wi and we use 
the following norming set for Xt- 

Gi — {EtG_F ^t^t '■ II Ete_F ^t^jllx* < 1 and F CT finite and segment complete} 
We also consider a bijection ft, : T ^> N as in Definition [1] and make use of the following piece of 
notation: 

Notation 2. For every sequence (/i)iLi in coo(T') such that 
i. {f,)ti is block 

n. { mm{h{t) : t G supp/J}^^^ G 

iii. {supp/i}^^]^ are incomparable subsets of T 
We will call {fi)f^i a (T, ^)-admissible sequence 

The definition of the norming set is the following 

Definition 17. Let be the minimal subset o/coo(T) such that 

1. Gi C G^ 

2. G^ is closed under the {^^^S^)- operation on [T , admissible sequences. That is, for every 
{T,^^)- admissible sequence fi,...,fd in G^ we have that ^ Ef=i /i i^ '^'^ element of G^. 

We define a norm on cqq{T) as follows: 

For every x G coo(T) we let \\x\\x^ = sup{/(x) : / G Gj} 

and set 
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Remzirk 6. It can be readily verified that {et)teT (enunierated via h) becomes a bimonotone 
Schauder basis for X{. In addition as Gi C it is evident that the identity operator 7 : 3Cj — > Xt 
is continuous. 

We also have the following, 

Lemma 7. The set G^ is closed under restrictions of its elements on segment com,plete subsets 
of T and thus for every segment complete ACT the natural projection Pa : i— t- defined by 
PA{J2teT ^tet) = J2teA ^t^t has norm 1. 

Proof. Let / G G^ and A d T segment complete. We will show that /jA by using induction on 
the complexity of /. Suppose that / e Gi. By our assumptions we have f\A G Gi C G^. Now let 
f = \ Y^i:^i fi G Gj and assume that fi\A G Gj for all i = 1, d. Then f\A = i X^f^^ fi\A and 
the following properties of can be readily verified 

1. {fi\A}f^-^ is a block sequence 

ii. {supp/j|y4.}f^j^ are pairwise incomparable subsets of T 

iii. {m.in{h{t) : t G supp/i|A}}f^^ £ iSj, since is hereditary and spreading 

Thus f\A e Gj. □ 

Definition 18. Let / G Gj. By a tree analysis of f we mean a finite fam,ily {fa)aeA indexed by a 

finite tree A with a unique root E A such that 

1- fo = f and fa € Gj for every a G A 

2. An a G A is maximal if and only if fa € Gi 

3. For every a E A not m,aximal we denote by Sa the set of immediate successors if a in A 
and define an ordering denoted by < on Sa with bi < 62 */ and only if ft,^ < /(,2 for all 
61,62 S Sa- Then we have that {fb)beSa ordered by < is a {T,^) -admissible sequence and 
fa — 2 SbeSa f'' 

It is straightforward that by the minimality of G^ that every / e G^ admits a tree analysis. 

Remark 7. We note that the definition of the norming set G^ uses a Tsirelson type extension 
technique but only on functionals with incomparable supports. Therefore, if we consider any 
branch b € [T] and a vector x gX^ such that suppa; C b then we can observe that for every / e Gj 
with a tree analysis {fa)aeA there exists at most one maximal a G A such that supp/a nsupp.T =/= 0. 
Hence, for every such vector it follows that ||x||xt = lls^llxj- This fact allows us to identify the 
sets K c Xt and 7~^(K) c 3£j. We will use this for what follows. 

Definition 19. Let {yn)neN be a block sequence in and / S G{. 

1. We set Mf = {n G N : supp/nrant/„ ^ 0} and if {fa)aeA is a tree analysis of f we define 
a correspondence A/ : Mf h-j- A with Xf{n) to be the Q^^-maximal element of A such that 
supp/aj.(„) n rant/„ = supp/ n ranj/„. 

2. For all a G A we define Da — Ubes {n G N : 6 = Xf{n)}, equivalently, Da = {n G 
N : ^ supp/o n ranj/„ = supp/ fl rany„} and Ea = Da \ Ubgs ^b, or equivalently, 
Ea = {nGN:a = Xfin)}. 

3. For a G A not \^A-niaximal we set b^in) = min{6 € Sa ■ supp/b fl ran2/„ ^ 0} and 
bnin) = max{6 G Sa ■ supp/b fl ranj/„ ^ 0} where the maximum and minimum are taken 
with respect to the ordering on Sa defined above. 

4. For a block sequence (j/„)„ in 3£| we set Pn = minsuppy„ and qn = maxsuppy„, for all 
n G N. 

Wc start with an easy but crucial observation and will be used extensively in what follows. 

Remark 8. Let be a seminormalized level block sequence such that suppy„ _L suppj/m for 

all n ^ m G N. Then is a ^| spreading model. 
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Proof. Let r > be such that ||?/„|| > r for all n e N. Choose a sequence of functionals in 
such that for each n G N the following hold: 

i. ran/„ C ranj/„; 
ii- fniVn) > \- 

Let F G and {bi)ieF £ coo(N). It is easy to see that the functional f — ^ X^ieF sgn(6i)/i belongs 
to G^. In addition, 

ieF ieF ieF 

which proves that is a spreading model. □ 

The next proposition is the basic tool for proving that K is weakly compact in X^. It is also 
used in the next section where we show that the closed convex hull of K is thin in . 

Proposition 3. Let {yn)n be a bounded level-block sequence in X^ such that 

lim ||2/„||xt = 

n—>oc 

Then there exists subsequence of (?/„)« which satisfies an upper T^-estimate, that is, there exist a 
constant C > and M £ [N] such that for every choice of scalar s {Xi)^^i G Coo(N) we have 

where M — {mi < m2 < ...}. 

In order to prove Proposition |3] we need the following Lemma. 

Lemma 8. Let {yn)n be a bounded level-block sequence in X^ with ^ f Vn G N. Suppose 

also that X^neN < 2r. Then for every / G G^ there exists a g d Brpi such that for every 

fc G N and every choice of scalars (Ai)^^^^ G coo(N) we have that |/(XiLi ^iUi)] ^ '^^9Cl2i=i ^i^qt) 

Proof. Let / G G^, {fa)a£A ^ tree analysis of / and G Coo(N). For each a ^ A with Da^% 

we will recursively define ga such that the following hold 
i- 5a 6 Brj,! 

ii. suppga '^{qn-n<E Da} 

Let a G ^ be a maximal element of A such that Da ^ 0. Let also no G N such that A„p = 
maxjg£)^ |A,,|. We set ga = sgnXn^e*^^. Clearly ga G B^i* and 

\f{'^ >^iyi)\ < ■ ^ \f{yi)\ < \K„\ -^WVnWxT <'^rga{^ X^eq^) 

i£Da ° ieDa nefi ieDa 

Let now a d A not maximal. Suppose also that for every b £ Sa the functionals {gb)beSa have been 
defined satisfying conditions i. ii and iii above. Let {bi < ... < bi} be the enumeration of Sa as it 
was given in Definition [T9l Pick bi G Sa and suppose that Di,. ^ 0. Then, 

minsupp/f); < supp^bi < minsupp/b.^j. 

The left inequality holds because if we pick k G then max suppxfc > min supp/f, . and supp^ti C 
{gn : n G £^6;}. On the other hand assume that there exists k G D\,^ such that gfc > minsupp/b._|^j 
then rana:fc fl supp/b^^^ ^ 0. This contradicts the definition of D\,^ and proves the right hand in- 
equality. Similarly, we can see that for every n G Ea such that b^fn) ^ bi we have min supp/f,^ („) < 
g„ < minsupp/b^(„)+i. For every i with 1 < i < / we set. 

Mi = suppgb; U {qn : n e Ea and bi = bR{n)}. 

We can readily observe the following, 

i. For every b € Sa it holds |{g„ : n £ Ea and b — b]i{n)}\ < 1; 

12 



ii. For i < I we get {q„ : n d Ea and bi — bii(n)} < swppgi,., while for i = I we have the 
converse; 

"i- UbeSa = (Ubes^ suppg^) U : n G Ea} C {g„ : n £ 

iv. minsupp/b; < A/f,; < minsupp/h.^^ for all i = 1, Z — 1. 
Combining these four facts we conclude that the functionals (e<j„)„g_B^ and {gbi)i<i<i together 
form a [N]-^ Cgi 5^-admissible family. Consequently the functional ga = ^(X^neB X^beS 5'') 

is an element of Brpi* . Finally, 

\faiJ2X^y^)\ < | /a ( ^ I + I /a ( E ^'2/^)1^ 

ie-Da ieEa ieDa\Ea 



'2 



□ 



We are now ready to prove Proposition [3l 

Proof of Proposition\^ . Since {yn)n is a bounded block sequence in such that 

lim llynll^T = 

n—^oo 

we may choose M G [N] and a subsequence {yn)neM such that 

i- J2neM hnWxT < 2?- 

ii- (2/n)neAf is level-block 
For simplicity we denote the subsequence by {yn)n again. Lemma [8] yields, 

fc fc 
llE^^y^ll^^ <2r||EA.e,.||Ti- 

i=l i=l 

By Lemma 8 we have, 

|lE^^y*ll^« <2r||EA.e,J|T,i < 16r|| E ^'^e^JlT, ■ 

-i— 1 i—1 i—1 

Finally, applying Lemma 9 we obtain, 

llE^^y^lli-^ < 16HlE^»«9-ll^« <48r||EA.epJlT5, 

i—1 i—1 i—1 

for all choices of fc G N and (Ai)*L]^ G coo(N) completing the proof. 

Notation 3. We set W| = co(K U -K) and = "w^'''''^^^ . 
Proposition 4. The set K is weakly compact in 

Proof. Let {yn)n be a sequence in K. Clearly we may assume that each ?/„ is finitely supported. 
First we prove the following 

Claim // {yn)n consists of incomparably supported vectors then it is weakly null. 
Proof of Claim 

Let r > be such that ||y„|| > r > and suppose towards a contradiction that there exist an e > 
and a functional x* G (3£^)* with ||a;*|| = 1 such that a;*(y„) > e for all n. Now, since suppy„ are 
incomparable segments of T we may also assume (by passing to a subsequence) that {yn)n is a 
level block sequence. Remark [5] yields that (?/„)„ is a spreading model. As Xt does not contain 
any £|-spreading model, there exists a sequence (2:„)„ of block convex combinations of such 
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that II^kIIxt ~^ 0. By Proposition [31 there exists a subsequence of (z„)„ (denoted by (z„)„ again) 
which satisfies an upper-T^ estimate. As the space is reflexive this imphes that (z„)„ is weakly 
nuh. Hence, there are further convex combinations of {zn)n that converges norm to zero. This is 
clearly a contradiction since we have assumed that x*{yn) > e for all n G N and it completes the 
proof of the claim. 

Now if (y„)n is arbitrary we can assume, by passing to a subsequence if necessary, that (t/„) A- yt 
for all t G T. Observe that 5* = {i £ 7k : 7^ 0} is a segment (finite or infinite) of T. Thus, we 
may assume that each y„ has a decomposition as yn — Un + Vn where 

i- {un)n is a C-increasing sequence of segments of S 

ii- ivn)n is a sequence of incomparable segments of T 

The previous claim yields that {vn)n is weakly null. To finish the proof set y = "^t^gytet and 
observe that (u„)ri has a subsequence which converges to y in the norm topology of X^. Indeed, 
by the weak compactness of K in Xt there exists a subsequence (which we denote by (u„)„ again) 

such that Un —> y' £ K. As (u„) — i> e^{y) we deduce that y — y'. It is easy to see that the 

IMU 

definition of the set K implies, in fact, that m„ — > y. Since, suppu„ C S for all n G N we deduce 
by Remark [71 that it„ ^> y which completes the proof. □ 

4.3. The set K is thin in X^. 

In this subsection use Lemma [21 Proposition [HI and Proposition [31 in order to show that the closed 
convex hull of K is thin in X^. Lemma [9l and Proposition [9l use techniques developed in [4], 
adapted to this setting, which are crucial for the proof. We note that for the sake of simplicity of 
notation hereby all norms are considered in X^ unless stated otherwise. We start with the definition 
of a thin subset of a Banach space. 

Definition 20. Let A, F he two subsets of a Banach space Y 

i. Let e > 0. We say that F e-absorbs A if there exists A > such that A C XT + eBy 

ii. We say that F almost absorbs AifT e-absorbs A for every e > 

iii. We say that a A is thin inY if A does not almost absorb the ball of any infinite dimensional 
closed subspace of Y 

Definition 21. Let A be a segment complete subset ofT and e > 0. 

1. For each x € X^ we denote by Ax the natural projection of x onto A and for s segment of 
T denote by Xs = sxt = J2t£s ''/'(i)et 

2. We set A" ^ {t e A : xt € K} and A" ^ {t e A" : \\Axt\\ > e}. Let also A' ^ A\A' 

3. We set seg(A) = {s segment : t £ A" for all t E s}. Clearly, for all s G scg(y4) it follows 
that s C A. 

We can readily observe the following: 

Remark 9. For every A segment complete and e > the set A'^ is also segment complete. 

Proof. Let ti,t2 G A*^ with ti C ^2- Then we have that \\xt2\\ < 1 thus for every t G [^1,^2] we 
obtain ||a;t|| < \\xt2\\ < 1 and at the same time ||a;o-J| > \\xat-^ II > £■ These facts imply t G A'^. □ 

Lemma 9. Let e > and E a subset of T of the form E = {t E T : m < \t\ < A/}. Then there 
exists a decomposition of E into two disjoint subsets E' , E" such that 

i. IliJ'u'll < e for every w G and 

ii. ForteT with \t\ > M we have \\E"xt\\ > e. 

Proof Set E" = E" as in Definition [21] and E' =^ E\E". Observe that for every w G W^, Ew 
can be written as Ew = X^sgl ^sXs where L C seg(£') and X^sgl I-^sI — 1- I* i^ clear that for 
every s G L the set s' = s D E' is either empty or a segment of E such that ||a;s'|| < e. Therefore 
\\E'w\\^\\j:^^^Kxs'\\<e. □ 

14 



The following Proposition is the key ingredient for proving that the set is a thin subset of 
Xj. It is an adaptation of the techniques developed in [3] and for the sake of completeness we 
include its proof here. 

Proposition 5. Let {wn)n be o- level-block sequence in , e > and {En)n a level-block sequence 
of subsets ofT where each one is of the form En — {t G T : win < \t\ < -M„} such that ranyn C En- 
Then there exist a L € [N] and a sequence {Fn)neL with the following properties: 

i- Fn C En for n E L 

ii. {Fn)neL CLfe pairwise incomparable and segment complete subsets of T 

iii. \\EnWn - FnWnW < £ 

Proof. We apply Lemma IHl to find a decomposition of i?„ into two disjoint subsets E'^,E[[ such 
that 

i. ll^^>n|U-, < f 

ii. If s is a segment with s — [ii,i2] and |ti| < m„, \t2\ > M„ as well as s n 7^ we have 

WK^sW > f 

Now for every n e N EnWn — J2s£L„ ■^^Xs, where L„ C seg(£'„) and J2s£L„ I'^sI — 1- This 
representation defines a positive measure on seg(i?„) with /i„(A) = J2s<£AnL„ \^s\ for A C seg(i?„). 
Now let us consider a probability measure 1/ on the compact metrizable space of the branches [T] 
of the tree T such that for every segment s and every Os basic clopen neighborhood of [T] that 
contains s of the form Os = {& G [T] : s □ b} we have that i^iOs) > 0. With the help of ly we 
define a measure fi on [T] as follows. For every clopen B C [T] we set 



^^{B) - hm^ }^ |A 



where the limit is taken with respect to a non-trivial ultrafilter U on N. Using a diagonal argument 
we may assume that this is an ordinary limit. Now for every n < A; in N we define 

i. B„ = {5e[T]:6nKV0} 
fi. Af, = {.sCseg(^fe):snKV0} 
By our definition of /i we have that 

k 

Claim For every M £ [N] and 6 > the set Is = {n E M : ii{Bn) < 5} is an infinite subset of M. 
Proof of claim: Suppose not. Then there exists an M e [N] such that for every n e M it holds 
fJ'{Bn) > <5 and therefore there exists a branch b € [T] such that b € B„,Vn € M. This implies 
b n E'n ^ for all n G M. Thus the sequence {x^n)neti converges norm to Xb — X^mgn V'(^l^)e6|n 
and IliS^'xbll > I for all n £ M which is a contradiction and proves the claim. 
Now we define the following sets. First we set /o = N and inductively for fc > 

h+i = {n e Ik ■ lJ-{Bn) < ^ 2^+2 -'''"''+^ ^ min/fc+i 

Ik+l = {I <^ Ik+1 ■ Mnfc + i(^Lfc + i) < ^ 2fc+2 ^ 

Fn,+. = e : i n (Utii?:; ) = 0} ^ {t e : t ± E': for i < n^} 

Where by st we denote the unique initial segment that contains t. By the previous claim the 
sets are infinite and since nu+i G Ik we have that /irn+i (^nt^^ ) < 2'^- '^^^ 

loo — {ii'i,n2, ...} is infinite and we observe that {i^„}„g7^ are incomparable by definition and are 
also segment complete. Recall also that for every a; G K it holds ||x|| < C. Now let fc G N then 
it remains to show that \\{En^ \ Fn^)wn^\\ < £• For fc > 1 we set r n^+i- We consider the set 
Ar = Al^ U ... U Al^^. Then ^ir{Ar) < < Tc- ^et s i Ar then Vi G s and z = 1, k 
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we have s* n E'^, — and thus s C Fr and ii s e Ar then s O Fr — 0. So 

\\iE';\Fr)Wr\\< \^s\-\\{E';\Fr)Xs\\<tlriAr)< 

Thus 

WiEr \ Fr)Wr\\ < ||i?>.|| + \\iE'; \ Fr)Wr\\ <{ + {=^ 



e 



□ 



Proposition 6. Let {zn)n he a normalized level-block sequence in such that the unit ball Bz 

of the subspace Z ~ < z„ : n € N >"" is almost absorbed by W^. Then every normalized block 
sequence in Z has a subsequence which is a £^ spreading model. Moreover, the identity operator 
I : Z ^ Xt is strictly singular. 

Proof. Let {yn)n be a normahzed level-block sequence in Z . By our hypothesis there exists a A > 
such that Bz Q XW^ + ^Bx^- Thus for every fc g N there exists Wk & such that — Awfc|| < i. 
By Proposition [S] there exists a M S [N] and a sequence {Ei.)keM of subsets of T such that the 
following hold: 

i. \\wk-EkWk\\ < 

ii. {Ek)k are pairwise incomparable and segment complete subsets of T, for all k G M 

For the sake of simplicity of notation we assume that M = N. Now if we set w'j, = EkWk and 
w'l = Xw'^., we have that \\yk - w'^\\ < ^ + ^ = j. Thus Hw^Uxe > |- Remark [S] yields that (w^')fc 
is a spreading model. It is easy to see that this property is transferred to (y„)„ as well. In 
addition, as Xt does not contain £^ spreading models, it is immediate that / : Z i— > Xt is strictly 
singular. □ 

An immediate consequence of the preceding Proposition is the following. 

Corollary 1. Let {zn)n be a normalized level-block sequence in such that the unit ball Bz of the 

subspace Z = < z„ : n £ N >"" is almost absorbed by W^. Then every normalized block sequence 
in Z has a further block subsequence which satisfies an upper (T, ^) estimate. 

Proof. Proposition [6] yields that for every normalized block sequence {yn)n hi Z there exists a 
further normalized block subsequence (a;„)„ of (j/„)„ such that ||x„||xt 0. A direct application 
of Proposition [3] yields the result. □ 

We are now ready to prove the main result of this section. 
Theorem 2. The set is thin in X^. 

Proof. Suppose not. Then there exists a normalized block sequence {yn)n in such that By is 

almost absorbed by W^, where by Y we denote F = < i/„ : n e N >"". By Corollary [T] we can find 
a normalized block sequence {zn)n in Y such that 



k k 



,hzn\\ < 48|| 2^6,ep„||r5 

i=l i=l 

for every choice of scalars {bi)'i^i and k E N. Since by our hypothesis the unit ball of Z = 

< z„ : n £ N >" " is almost absorbed by we can apply the same arguments as in Proposition [6] 
to obtain a sequence (z^.)i satisfying the following 

i. suppz^. C ranzm- for all i S N 

ii. (supp2;^.)„ are pairwise incomparable, segment complete subsets of T 

iii. z*^^{z,n.) > i for alH e N 

iv. z^. e for all i e N 
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Define an operator P : < : n e N > by P{x) — X^i^i z*Xx)zn- We will show first that 

P is bounded. 

To see this, let x G S^j- It is enough to prove that || ^„ z*(a:)ep„ ||tj < 1- Indeed, Let / be a 
functional in the norming set of and (/a)a6A a tree analysis of /. We can assume without loss 
of generality that supp/ C {p„ : n g N}. Let a G ^ be a C_4-maximal node. Then fa — isp^. 
for a fc G N. Thus |/a(X)n ^n(^)6p„)l = kfc(2;)| < 1. We move on to recursively define for each 
a G ^ a functional ga G such that fai^^ ^n{x)ep^) = ga(x). If a is maximal and fa = ie*^ 
we set ga = z*^ or ga = —z^ respectively. We observe that if {±6^.^ < •■• < ±e*. } is an S^- 
admissible sequence of functional in B^^ then {±z*.^ < ... < iz*. } is an (T, f )-admissible family 
of functionals as well. Now suppose that a G .4 is not maximal such that for every /? G we have 
defined a functional gp G such that {gp)p^Sa successive and their supports are pairwise 
incomparable subsets of T and each gp satisfies fi3{^n ^n{x)ep^) — g/3{x) for all /3 G Sa- Then the 
functional ga = ^ X]/36S 90 element of G^ and 

Thus, by following the structure of the tree A we arrive at a functional g G with g{x) = 
f{J2n ^n{x)sp„) and this gives us 

\\Y.zUx)epjT, < \\x\\<l 

n 

Therefore, ||P|| < C. 

Suppose now, that Ve > 0, ElA > such that 

By C XW^ + eBx^ 

Then it is clear that Bz C XW^ + eB^i: where Z = < z„ : n G N >"". Since |z*(z„)| > |; we obtain 
that 

^Bz C PiBz) 

and by setting e — gjy^]- we have 

PiBz) C XPiW^) + \bz 



Thus Bz Q 8AP(W^) . Since the operator P is defined by the sequence {z'^)n and (suppz*)„ are 
pairwise incomparable we have that P{W{) C ||P||co[(±z„) : n G N] and finally 

Bz C 8A||P||co[(±z„) : n G N] 

Now since, as is well known, the basis of is weakly null we can select a convex combination 
X = J2i=l^i^p^ such that II^Htj < iqx\\p\\ obtain hzi\\x( < ie\\\p\\ ■ We observe 

that if z = X;r=i then (16A||P||)0 G C 8X\\P\\cd[{±Zn) : n G N]. We conclude that does 
not almost absorb By. This is a contradiction which yields the proof of the Theorem. □ 

5. Classical Interpolation Spaces 

We fix T, Xt with a iSC-unconditional basis {et)teT and K as in the previous section. We also 
set W = co""^t(K U — K). In this section we use the classical Davies-Figiel-Johnson-Pelczynski 
iterpolation method [1^ for the pair {Xt, W) to produce a new space Xi in which the structure 
of the set K is preserved and study the properties of this new space. We begin by recalling the 
(DFJP)-interpolation method: 
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Definition 22. Let T, Xt and W be as above. We set Wn — 2"W + ^Bxt, and define a sequence 
of equivalent norms (|| ■ ||n)n on Xt, each induced by the Minkowski gauge of the respective W„. We 
consider (X^riLi ©(^T, || • ||n))2 to be the i2-Schauder sum of the spaces (Xt, || • \\n)n- Finally, we 
set Xi to be the diagonal space of this £2-Schauder sum. That is, the (closed) subspace consisting 
of all elements of the form x = {x, x, ...x, ...), for x £ X^. We also denote by Ji the 1 — 1 bounded 
linear operator Ji : Xi — > X^ defined as Ji(i) — x and fey K = {i : x G K}. 

Remark 10. In [T^ it was proved that if the set W is wealcly compact then the space Xi is 
reflexive. In addition, by its construction the space Xi consists of all elements x = {x,x, ...,x, ...) 
such that J2^=i ll^lln < °° W^Wxi = {J2^=i ll^lln)^- Therefore, we can observe that for w €W 
we have |jw||„ < ^ and thus ||w||xi < 1- It follows that K is a closed subset of Xi and Ji(K) = K. 

We pass now to show that the space Xi has a tSC-unconditional basis. We start with the 
following Lemma. 

Lemma 10. Let Tk — {t G T : ys — X^t'ct fp{t')^t' G K}. Then Tk is a backwards closed subtreee 
ofT and for every t G Tk we have that et = (et,ef,...) G Xi. 

Proof. It is easy to check that Tk is indeed a backwards closed subtree of T. Let now s be an 
initial segment of T (finite or infinite) such that the vector j/g = Stes "0(^)6* is an element of K. 
It follows by the definition of K that ip{t)et G K, Vt G s. Let tg G Tk, then X^tcto '^{t)^t G K and 
we obtain ip{'t)^t G K Vi C to- So atget„ G K and thus etg G Xi □ 

Remark 11. We note that as Tk is a backwards closed subtree of T then for every A C Tk 
segment complete we have that A is also segment complete when considered as a subset of T. 

We fix a bijection g : Tk i— > N as in Definition [T] and we pass to show that the sequence (et)tgTK 
enumerated through g defines a bimonotone Schauder basis for Xi. 

\\.\\x 

Lemma 11. Let ACT segment complete. If we denote by Pa ■ Xt i-^ < et : t A > ''^ the 
natural projection induced by A we have that ||P^(x)||„ < ||a;||n for all x G X^ and n G N. 

Proof. As Xt has a iSC- unconditional basis it follows that P{Bxo) ^ Bxg- At the same time 
for every w G we have 1|Pa(w)||xt < I^IUt and Pa(w) G W. Thus, Pyi(W^) C W. Let 
now n G N and x G Xt. Let also A > such that x G \{2^W + ^Bx^)- All the above yield 
PAix) G A(2"Pa(W^) + ^Pa{Bx^) C \{T'W + ^Pxt)- Thus \\PA{x)\\n < Mn as desired. □ 

Proposition 7. The sequence (et)fgTK a SC -unconditional Schauder basis for Xi. 

Proof. By Remark llll and the previous Lemma it readily follows that (e()tgTK is a iSC-unconditional 
Schauder basis for the subspace E — < {et)teTK >■ We shall show that E actually coincides with 
Xi. We need the following Claim: 

Claim For every element x — (X^teTK ^t^t, X^teTK -^t^*' •••) ^ -^i' ™^ have that x £ E. 

Proof of claim Let i = (EteTK ^tet,T,teTK ^tet,-) then \\S:\\xi = (E„ II EtGTK ^tet\\l)^ ■ Let 

e > 0. There exists a no G N such that (X]n>no II X^teTK ^t^tWn)^ ^ f ■ Lemma [TT] and the fact 

that the spaces (Xi, [j • 1|„)„ are mutually isomorphic we can choose a finite interval / of Tk such 

that 

no 

(EiiE^*^*-Ev*ii")^^| 

i=i jgTk tei 
Thus, if we set x' = X^tei ^t^t £ E we obtain — x'ljjti < e. 
This completes the proof of the claim. 

Let now, i G Xi \ i?. We know that x is of the form x — (X^teT ^I^teT ■■■)■ Since 
X ^ E we have that there exists to £ T \ Tk such that At,, ^ 0. Let w £ W and n £ N. We have 
that w is of the form w = XteTK f^t^t- Hence, 
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||^A*et-2"u;b„ = ||^A,e,-2" ^ f3tetU, > > 
teT teT teTK 

Thus, II X^tGT'^*^*!!" ^ ^^'^ consequently x ^ Xi. This is a contradiction completing the 
proof. □ 

The following result is included in ^ and for the sake of completeness we outline the main 
arguments of its proof. 

Proposition 8. IfW is a thin subset of then the operator Ji is strictly singular and every infi- 
nite dimensional closed subspace Y ofXi contains an isomorphic copy of which is complemented 
in Xi. 

Proof. In order to show that the operator J\ is strictly singular we shall in fact prove something 
stronger, namely that Ji{Bxi) is a thin subset of Xt. This is a direct consequence of the following: 
The set Ji{Bxi) is almost absorbed by W. To see this let e > 0. Fix uq G N so that and pick 
an arbitrary x — {x,x, ...) G S^i- Then, X^neN ll-^lln — ^ which implies that x 6 2"VF+ -^Bxt for 
aU neN. Simply set A = 2"« and observe that Ji{x) ^ x e 2"'°W + ^Bx^ C \W + eBxrj,- Now 
as Ji{Bxi) is almost absorbed by a thin subset it is straightforward that this set is also thin in 
Xt. Pick an arbitrary Y closed subspace of Xi. Since the operator Ji is strictly singular one can 
apply a standard sliding hump argument to produce normalized sequences {yn)n in Y and {zn)n 
horizontally block in (I]raeN®(^T, || • |U))2 such that X^^i -y«ll < \- As (z„)„ is isometric 
to the standard ^2 basis the space 2'=<z„:nGN>is 1-complemented in Xi, we conclude that 
the space generated by {yn)n is isomorphic to I2 and complemented in Xi. □ 

Remark 12. We note that under the obvious modifications the results presented in this section 
remain valid for DFJP Ip interpolation. 

6. Reflexive spaces as quotients of P saturated spaces. 

At this point we are able to use the techniques developed in all the previous sections in order 
to show that every separable refiexive Banach space X is a quotient of a separable refiexive and 
^^-saturated space, for every p>l and of a separable co-saturated space. This is done by using all 
of the results obtained above in conjunction with the following well known result of Zippin ([24]). 

Theorem 3. Let X be a separable refiexive Banach space. Then there exists a refiexive Banach 
space Zx with a Schauder basis {zi)i so that X is isomorphic to a subspace of Z . 

We pass now to show the main result of this section. We present the arguments only in the case 
of p = 2 as for any p>l and cq the proof follows exactly the same lines. Namely, we have 

Theorem 4. Let X be a separable reflexive Banach space. Then for every p > 1 there exists 
a separable refiexive complementary HP -saturated Banach space Xp so that X is isomorphic to a 
quotient space of Xp. Also there exists a separable CQ-saturated .space Xq so that X is a quotient 
ofXo. 

Proof. Granting Zippin's theorem above we may assume that X has a normalized and bimonotone 
Schauder basis {xi)i. Starting with X we consider the space Xq associated to X as it was presented 
in section [21 We also consider the set K and the map $ : Xq — > X (see Definitions [5] and [5]). By 
Proposition [T] we know that $(K) is a i-net in the unit ball of X and hence $ is onto. By 
Proposition [2] the set W'^ — convH'" (K U — K) is a weakly compact subset of Xq. Therefore, 
the space Xi as it was defined in the previous section is a refiexive Banach space with a basis 
{et)tGTK (see Proposition [T] In addition, by Remark [TOl we have Ji{K.) = K. Hence, the operator 
$ o Jx : Xi — > X is onto. By using the extension technique of section|3]on the space Xi we arrive at 
a space X^ with the properties that / : X^ ^> Xi is continuous, K C X^ and — conv"'"(KU— K) 
is weakly compact and thin. Finally, by applying the DFJP - interpolation to the the space Xj 
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with the set we arrive at the space X2. The map J2 : X2 is continuous and preserves 

the set K. Therefore, there is a map 11 : X2 — > X onto. To complete the proof, we point out that 
by Propositions [7] and m the space X2 is separable reflexive and complementably ^^-satm^ated. □ 

Remark 13. The above Theorem yields examples of pairs {X,X*) of reflexive spaces with di- 
vergent structure. Namely, there exists spaces Xp as above such that the dual X* contains HI 
subspaces. 

7. Skew HI interpolation 

In this section we present a method for applying HI interpolation to a pair {X, W) in order to 
achieve the diagonal space to have a Schauder basis. We start with a tree T, a reflexive space 
Xt which has a iSC-unconditional basis {et)t(£T and a weakly compact convex symmetric subset 
W. We denote by {Xn)n the sequence of (mutually isomorphic) spaces {Xt, \\ ■ \\n) where the n-th 
norm is defined via the Minkowski gauge of the set 2"W + -^Bxj, and prove the following: 

Theorem 5. Let (X„)„ be the above sequence. Then there exists a norm \\-\\g defined on coo(rxN) 
such that if we denote by Xq the completion of Cqo (T x N) under this norm the following hold: 

1. The sequence (X„)„ is a Schauder decomposition ofXc- 

II-IIg 

2. Setting Zt — < {esj^^k) : fc G N > , the sequence {Zt)t£T cdso defines a Schauder decom- 
position ofXc- 

3. If for all segment complete A C T for the natural projection Pa we have that Pa{W) C W 
then the diagonal subspace X of Xg consisting of all elements of the form x = {x, x, ...) has 
a Schauder basis. Moreover, X is reflexive. 

4. // the set W is thin in Xt then the space X is HL 

Let {Xt,W) be as above and assume also that for every segment complete subset A of Xt, 
Pa{W) C W. Then by Lemma [TT] we have that for every n e N, the sequence (et)(gT is a 
iSC-unconditional Schauder basis for X„. Thus setting: 

Gn = AtCj : At G Q and || AtCj ||x* < 1 and ACT segment complete}, 

wc can readily verify that G„ is a norming set for the space (X„) for all N. 

Notation 4. We define the following 

i. We set TT : T X N H> T by 7r((<, fc)) = t and j : T x N N by j{{t, k)) = k 

ii. For X G Coo{T x N) we let ranx denote the minimal rectangle I x J that contains the 
support of X. Where by a rectangle I x J we mean the product of an interval / of T and 
an interval of N. 

iii. Let C r X N we write A S if n{A) < n{B) and A B if j{A) < j{B) and 
A ^(^j) B if tt{A) < Tr{B) and j{A) < j{B). With A -<l^ B we denote the property 
Tr{A) <' tt{B) 

iv. For x,y C cqo{T x N) we write x -<tj y whenever suppx suppy. The notations x -<j y 
and X ^(ttj) y have analogous meanings. 

Definition 23. A sequence in Cqq{T x N) is said to be j-block (ir-block or level-n -block) if 

x,i -<j Xn+i (xn Xn+i or Xn -<^^ Xn+1 respectively). The sequence (a;„)„ is called diagonally 

block if Xn ^(ttj) Xn+1 

We fix two sequences of natural numbers {mi)i^fi and {ni)i^fi which are both recursively defined 
as follows. We set mi — 2, to/+i — mf and ni = 4, ni+i = (Sn;)*' where s; — log2 

Definition 24. We consider a subset G of cqo{T xN) that is the minimal set such that the following 
hold. 
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i. U„ Gn Q G and G is dosed in the restriction on rectangles of the form I x J where I, J 
are intervals of T and N respectively. (i.e. for f € G and I, J intervals of, we have that 
iIxJ)-f = xixJ-f(^G). 

ii. For every I €N, G is closed in the (.4,„2,, -operations on j-block sequences. That is, 

iffi <j f2 ... <j fn.„ then ^ Er=i fi e G. 

iii. For every I eN, G is closed in the {An2i-i, TO2! ^ ) -operation on {n2i-i) -special sequences. 

iv. G is rationally convex. 

It remains to define the (n2z-i)-special sequences, defined through a coding a. For every I e N 
if / e G is the result of the (Am , -operation, then we let the weight w{f) of / to be m;. Notice 
that w{f) is not uniquely defined. 

The coding function a. First we consider the subset of coo{T x N) defined by 

S = {(^1, ^2, (t>d) ■■ h -<j (t>2 -<j ... <j and (l)i{t, fc) e Q for every 

(t, fc) e T X N and every i e {1, d}}. 

Wc fix a pair Qi.il.2 of disjoint infinite subsets of N. As <S is countable, we are able to define an 
injection a : S ^ {21 : I £ ^2} such that 

"^o■(<Al,...,<A<i) > max | . , , rj- : {t, k) G supp(^i and i = 1, d \ ■ max{k : [t, k) € supped} 

A finite sequence {fi)il'i^ is said to be a (n2;-i)-special sequence, provided that 

(a) (/i, ...,/„2!-i) G <S and /i e G for every i = 1, ...,n2i-i, 

1 /2 

(b) u;(/i) = m2k with k G Cli, m^^, > n2i-i and = m„(^f^^,„j.) for every l<i < n2i-i. 

Remark 14. As wc mentioned above, the weight w{f) of a functional /, when it is defined, is not 
in general uniquely determined. However, if /i, fnn-i a (n2i-i)-special sequence, then for all 
i > 2 by w{fi) we shall put m^(f^^,„j._^y 

Having defined the set G, we define 

i. II^IIg = sup{/(x) : / G G}, f or all x G coo(T x N) 

ii. XG = <coo(rxN),||.||G> 

Remark 15. The following are easily established. 

IMIg 

(1) For every n G N, the space < {xt,n)teT > is isometric to X„. 

(2) For every /, J intervals (finite or infinite) of T and N respectively, the projection 

PixJ '■ ^IxJ = < {xt,k)tel ,keJ >" " 

has norm one. Consequently we have, 

(a) The sequence (X„)„ defines a Schauder decomposition of Xq- 

(b) Setting Zt = < {xt^k)ken >" "°) the sequence {Zi)t also defines a Schauder decomposition 
of Xq. 

(3) Every j-block sequence and every 7r-block sequence is a bi-monotone Schauder basic sequence. 
Hence every diagonally block sequence is also a bi-monotone basic sequence. 

Next we shall present the basic ingredients for the proof that certain block sequences in Xg generate 
HI spaces. 

Definition 25. Let x G 000(7" x N) and C > 1. We say that x is a C — £\ average if there exists 
a j-block sequence x\ -<j X2 -<j ... -<j Xk such that x = iii^d^^ \\xi\\G < G for i = l,...,k and 
Mg = 1. 
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Definition 26. (RIS) A j-block sequence {xq)q in Xq is said to be a (C, e) rapidly increasing 
sequence, if \\xq\\G < C, and there exists a strictly increasing sequence {lq)q of natural numbers 
such that 

'g+l 

ii. For every (7 — 1,2, ... and every f E G with w{f) — mi, i < Iq we have that \f{xq)\ < 

Notation We denote by Dau the minimal subset o/coo(N) satisfying the following properties 

i. ±e„ G Au, for all n G N. 

ii. For every block sequence /i < /2 < ••■ < /sn, in Au we have that ^ fi ^ 

iii. Au is closed under restrictions of its elements on intervals. 

We also denote by Au the completion o/coo(N) under the norm induced by the norming set Dau- 
We state here a Lemma concerning the behavior of certain averages of the basis of Au. For the 
proof we refer to Lemma IL9 in [5]. 

Lemma 12. Let G N and h e Dau- Then for every ki < ... < /c„j we have that 

If we additionally assume that the functional h admits a tree analysis {ha)aeA such that w{ha) ^ 
Tnio for all a E A, then we have that 

i- \K^^Y.7^i(^k,)\ < ifw{h)=m,<mi„. 

ii- l^(;i7;;Ej=i%)l < ^h' = ™i ^ "^'o- 

Proposition 9. (The basic inequality) Let {xq)q be a j-block (C, e) RIS and let also {Xq)q be a 
sequence of scalars. Then for every f E G we can find gi such that either gi — hi or gi = + hi 
with k ^ supp/ii where hi G Dau, w{f) = w{hi) ,52 G Coo(T) with II52II00 < e and 51,32 having 
nonnegative coordinates such that, 

l/(EA,2:,)|<C(5i+.92)(E|A,|e,). 
// we additionally assume that there exists a Iq E N such that for every <j) E G with w((j)) = mi^ 
and every interval E of the natural numbers, 

then we can choose hi to have a tree analysis {ha)aeA such that w{ha) 7^ mig, for all a E A. 

We refer the reader to Lemma n.l4 of for a proof of the above proposition. A direct 
consequence of the basic inequality and Lemma [T2] is the following. 

Lemma 13. Let (x^)"!"]^ be a j-block (C, e) RIS with e < Then 

'0 

1. For every f E G with w{f) ~ rui we have, 

i- \h{^J:■^lX,)\<^,^fw{h)^m,<m,„. 

ii- \h{^ ET=i)\ <^ + ^ + Ce, z/ w{h) = m, > m,„. 
In particular, ||;^ Ej=i Xj\\<^. 

2. // ^'"^ scalars with \bq\ < 1 for all q such that for every (j) E G with w{(f>) — mi^ 
and every interval E of the natural numbers we have that, 

\HJ2qeE \xq)\ < C(maxfce_B |A,| +eEI\l)- 

Then, ^-2^7 II < 

Definition 27. Let x E cq(:){T x N) and C > 1. We say that x is a C — i\ average if there exists 
a j-block sequence xi -<j X2 -<j ... -<j Xk such that x — m+^^+^Lk ^ Ha^illG < G for i — 1, k and 
Mg = 1. 
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Lemma 14. Let x be a C — £\ average. Then for every f ^ G with 'w{f) = mk < ruq we have 
that \f{x)\ < ^C(l + <^^. 

Prooj. Let x = ^^Yl=\^^ be a C - average. Let also / = ^"=1 ^'^^^ (/»)"=i a j- 
block sequence of functionals and < riq. If we set Ei ~ j{Ta,nfi) and for I = let 
// (J/ resp.) be the set of all i such that j(suppxi) is contained (resp. intersects) Clearly 
E?=i < riq, while for each I we have ||£;,a;|| < ^E^&J, \\Eix^\\ < ^C{\Ii\ + 2). Therefore 
Er=i \\EM\ < \M + 2"fc) < C(l + ^) and the conclusion follows. □ 

Lemma 15. Let {xq)q be a j -block sequence in Xq such that each Xq is a C — l\ average, where 
C > 1 and kq increasing to infinity and e > 0. Then there exists a subsequence of (xq)q which is a 
(^,e) RIS 

Proof. For each q we set Iq = max{/ : ni < Uq}. There exists a subsequence of {xq)q (we denote this 
subsequence by {xq)q again) such that {lq)q is a strictly increasing sequence and rni^^-^ > ilsuppxql 
for all q. From Lemma [T3] we also get that for each f G G with w{f) = mk,k < Iq we have that 
1/(2:9)1 ^ T^dr- Therefore this subsequence is a (^,e) MS □ 

Lemma 16. Let {xq)q be a j -block sequence with each Xq a C — 1\ average, where C > 1 and kq 
increasing to infinity. Then for every I G N there exists qi < (72 < ••• < qn2i such that, 

Xq^ + Xq2 + ... + ■^9^21 ^ 3C 

n2i ~ m2i 

This is a direct consequence of the basic inequality (Proposition [S]). 
The following holds. 

Lemma 17. For every j-block sequence {yn)n find every k G N, there exists a 2 — average in 

< {yn)n >■ 

For the proof we refer to Lemma 11.22. Combining Lemma [171 and [T5] we arrive at the 
following. 

Lemma 18. For every j-block sequence {yn)n in 3£g and for every e > there exists a (3, e) RIS 
in < (y„)„ >. 

Definition 28 (exact pair). A pair {x,(j)) with x G cqo{T x N) and cj) G G is said to be a {C,l) 
exact pair if the following conditions are satisfied. 

(1) 1 < II^IIg < C and for every f G with w{f) = niq and q ^ I we have that |/(a::)| < ^ if 
q < I while \ f{x)\ <^ifq>l. 

(2) is the result of the {Ann -operation and so w{(f)) — mi. 

(3) (t){x) = 1 and ranx — ranc/)) (we recall that for Coo{T x N), the range of x is the minimal 
rectangle generated by intervals that contains suppa; ). 

The following proposition is a direct consequence of Lemmas [T7] and 1161 

Proposition 10. If {xq)q is a j-block sequence, then for every I G N there exists an (6,21) exact 
pair {x, (j)) with x G< {Xq)q > and (p € G. 

Proof. From Lemma [T51 we have that there exists (j/g)^l\ a (3,e) RIS in < {xq)q > with e < 
Choose for each q = 1, ...,n2i a 1/* G G with y*{yq) = 1 and rani/* C ran?/g. Then the functionals 
{yq)q form a j-block sequence and the functional y* — y* is an element of G and if we set 

y — Vq by Proposition ini we get that {y, y*) is the desired pair. □ 

Proposition 11. (The tree like property of special sequences). Let , {4'ifi=i^ be 

two distinct special sequences in G. Then 
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i. For 1 < i < j < ?T-2/-i we have that w{(j)i) ^ w{'4'j). 

ii. There exists k such that (pi — tpi for all i < k and w{(j)i) ^ w^tjji) for i > k. 

The proof can be readily deduced from the definition of special sequences. For what follows we 
restrict ourselves to a specific form of j-block sequences. Namely, 

Definition 29. We say that a j-block sequence (a;„)„ is special j -block if either (x„)„ is diagonally 
block or there exists some t ^ T such that suppa;„ C {t} x N for every n G N. 

Definition 30 (dependent sequences). A double sequence {xkT4'k)'k=i^ where (a;fe)^l'i^ is a 
special j-block sequence and (pu ^ G for every k — 1, n2i-i, is said to be a (C, 21 — 1) dependent 
sequence if there exists a sequence {2lk)k^i^ of even integers such that the following conditions are 
fulfilled. 



(i) i(t>k)k=i ^ {n2i~i)- special sequence with w{(f>k) = "^2;^ for all k = 1, ...,n2i- 

(ii) Each {xk,4>k) is a {C,2lk) exact pair. 



1- 



Remark 16. It is clear that the existence of dependent sequences in certain subspaces of Xq is the 
main tool for proving the HI property of these subspaces. In the sequel we shall present the precise 
statement. Here we want to comment the use of the special j-block sequences in the definition 
of dependent sequences. A key ingredient for showing the second inequality in the following 
Proposition is the tree-like property satisfied by the (n2i-i)-special sequences (Proposition [TT]) . 
Nevertheless, when we deal with norms on coo(N) then the tree- like property is also satisfied by 
all restrictions of the special sequences on intervals of N (see [5], Proposition 3.3). However this 
is not valid when we deal with cqo {T x N) and we consider restrictions on rectangles generated by 
intervals of T and N. Notice that this problem disappears if we consider special j'-block sequences 
and this is the reason why we introduced this concept. 

Proposition 12. Let (a^fe, a^fc)fcl'i ^ {^,21 — 1) dependent sequence. Then 



(1) — E 



n.21-1 



k=l 



> 



(2) 



Xk 



m2i-i 



8C 
< — — 



'2i-l 



Proof. (1) It can be readily seen that the special functional / = TP[^^ Sfc=i ^ ^1 belongs to G thus 
fixk) > 

(2) First of all it is easy to check that the sequence (a;fc)?^7^ is a (2C, — ) RIS. The inequality 

follows from Proposition IH] after showing that for every f ^ G with w{f) = m2z-i and every 
interval E we have that, 

\f{Y.i-lf+'xk\ < 2Cil + ^\E\). 

To see this choose f G G with w{f) = TO2;_i and observe that such an / must have the following 
form: / = :^^^^{Fxt_i-{-Xt-^...+fr+i + ...+fd), for some special sequence {xl,X2, ...,x*,fr-\-i, ■■■,fn2i-i) 
of length n2i_i with x*^]^ ^ fr+i, w{x*r+i) — w{fr+i) and F an interval of the form [m, maxsuppa;^.]^]. 
This representation is a direct consequence of the the tree- like property discussed thoroughly above. 
We estimate the quantity f{xk) for each k as follows. 

1. lik <t-l then f{xk) = 0. 

2. If fc = t - 1 we get |/(x,_i| = -l-\Fxt_,{x,^,)\ < ^Jxt-i\\ < 

3. If A: > r + 1 Proposition [TT] yields that w{fi) ^ m2i^, for aU i > r. Using the fact that 
(xfc,a;fe) is an exact pair and taking into account that n\i_^ < m2ii < ^12/^ we proceed in 
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the following manner: 

\f{^k)\ = -^\{fr + -+fdKxk)\ 

m2i-i 



m2i-i 



w{f,)<m2i. w{f,)>m2i. 2r+2<2i<d 



< 



(, V ^n2i-i^2-)-— ■ 



2l~l<j<2h 

4. For k — r + 1 the same argument as in the previous case yields that |/(a;j.+i)| < 



1 / C+1 

"■21-1 



Let i? be an interval. From the above estimates we obtain, 

''-^ 77121-1 

keE keEn[t,r] 

keEn[r+2,n2i-i] 

< -^ + ^ + ^ + -^\E\<2C{l + ^\E\), 

TO2i-l m2Z-l m2Z-l Tl^i-i "^2Z-1 

completing the proof. □ 

The following is an easy consequence of the previous results. 

Proposition 13. Let (a;„)„, (j/n)n be two diago7ially block sequences. ThcTi for every n £ N 
there exists a {6,21 — 1) dependent sequence (-Zfe, ^ such that Z2fc-i £< {xn)n > o,Tid Z2k £< 
(j/n)n >■ Similar results hold if (x„)„ a?id {yn)n o-fc j-block sequences in the space Zt for some 
t e T. 

We need the following. 

Proposition 14. Let Y be a subspace of Xq- Then one of the following hold. 

(a) There exists n e N such that j„ ; y — > Xn is not strictly singular. 

(b) There exists t £ T such that ixt :Y ^ Zt is not strictly singular. 

(c) For every r > 0, there exists a normalized sequence (jjnjn in Y and a diagonally block 
sequence (w„)„ such that Y.nen Wv^ ~ ""^"ll < 

Proof. Assume that neither (a) nor (b) hold. Then for every n G N, there exists a subspace Y' of 
Y such that the map j{i^...^„} : Y' X]"=i is also strictly singular. The same also holds for 
the projections Tr^^f^ ^^j. Hence for every e > and every {t,m) £ T x N there exists a subspace 
Y' of Y such that ||j{i....,n} |y || < £ and ||7r{tj^...^f,^]. jy || < e. Using this and a standard sliding 
hump argument, we can verify that the third alternative is satisfied. □ 

Propositions fT3l and [Ml vield the next result. 

Corollary 2. The following are satisfied. 

(a) For every t £ T the space Zt is HL 

(b) For each diagonally block sequence {yn)n the space Y = < {yn)n > is HI. 

(c) If Y is a subspace of Xg such that jn '. Y — > Xn and irt '. Y Zt are strictly singular for 
(t, k) eT xN, then Y is HI. 

Proof. Parts (a) and (b) are direct consequences of Proposition [T51 To see (c), let F be a subspace 
of Xg such that jn : Y ^ Xn and vTf : F — > are strictly singular for every {t, k) £ T xN. Let Yi 
and Y2 be subspaces of Y and e > 0. By Proposition [T4l there exist normalized block sequences 
{yn)n, iyn)n and a diagonally block sequence {wn)n such that the following are satisfied. 
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(1) For every n G N, y,^ £ Yi and yl G Y2. 

(2) E„eN I|w2«-i - yill < e and Y.„eN l^zn - < £• 

The space W = < {wn)n > is HI by part (b). As e can be chosen arbitrarily small, this shows that 
d{SYi , SY2) — 0. As Yi and Y2 are arbitrary subspaces of Y we get that Y is HI. □ 

Proposition 15. We have that Xq — < [JneN-^n >" "• 

Proof. Assume not. Then there exist x** £ Xq and x* £ Bx*^ such that = 1, x**{x*) > 1/2 

[j„X* C kera;**. Choose a net {xi)i^i in Bxq with a;^ ^> x** . Clearly we may assume that 

(3) x*{xi) > i for every i G I. 

Observe that j{i^,,,^n}{^i) ~^ 0. Hence applying Mazur's Theorem and a sliding hump argument, 
we may select two sequences (y„)„ and (2;„)„ such that the following are satisfied. 

(i) For every n £ N, y„ £ convjxi : i G /}. 

(ii) {zn)n is a j-block sequence. 

(iii) E„llyn-2„|| < i. 

Notice that for every ni < n2 < ■■■ < Uk we have 

'ii ^ ~t~ ... "t~ ^ni. 



1 

> -. 

- 4 



Indeed, by (i) and ^ above we have that x*{yn) > 1/2 for every n G N. Hence by (iii) we get that 
x*{zn) > 1/4 for every n G N, which clearly implies Hence we may select a j-block sequence 
(■Wfe)fc with Wk = J X^neFfc where Fi < F2 < ... < < ... and each i^^ is a finite interval of N. 
As the sequence {wk)k is a j-block sequence of 4 — £^ averages. Lemma [TBI vields that for every 
I G N there exists ki < k2 < ... < fc,i2, with 



(5) 



"2! 



1 

n2i ^ 



~ m2i' 



Let vi = ^ ^fei ■ Then vi is a convex combination of Zfe's. Let be the corresponding convex 

combination of ?/„'s. Then by (i) and ^ we have > 1/2. By (ui), we get that \\vi —v[\\ < 1/8. 
On the other hand, as m; cx) as ^ — > 00, by ([5|) we see that ||ti;|| — > and this leads to a 
contradiction. The proof is completed. □ 

Definition 31. The HI interpolation space X is the (closed) subspace of Xg which contains all 
elements of Xq of the form ...). 

Remark 17. This definition is an adaptation of the corresponding definition in [3], which in turn 
follows the scheme of the classical Davis- Fiegel-Johnson-Pelczynski interpolation method [in] . 

Proposition 16. For every t € T we set e-t = {et,et, ■■■) G X. Then {et)t becomes a bi-monotone 
Schauder basis of X. 

Proof. First we notice that for every n G N we have that Hofet ||„ < for all t G T Hence et G X for 
every t G T. Now let x = (x, x, ...) G X with x = btCt. We consider the projection tti : X ^ Zt. 
We shall show that iTt{x) = htCt. Indeed observe that {et.k : A: G N} is a Schauder basis for Zt (not 
normalized) and (7rt(a;)) = el^.{x) = bt for every fc G N. Hence 7Tt{x) = X^fceN^t^t.fe ~ het- 
This easily yields that for every finite interval / of T we have 7r/(X) =< {et : t G 1} > and 
so TTji^x) — X^te/^t^t- The above argument and the fact that ||7r/|| = 1 yield that {et)t is a 
bi-monotone Schauder basis for the space Y = < {e)t >. It remains to show that Y coincides 
with X. Indeed, let (/„)„ be the intervals of N such that /„ = ({1, ...n}) where g is defined 
after Remark 1111 Let also x = (a;,x, ...) with x = '^t^t^t- We claim that the partial sums 
X]te/„ ^t^* weakly converge to x, which immediately implies the desired result. First we observe 
that X]te7„ ^t^t = 7''/„(i) and so || X]te7„ ^tet\\ < I|a;||. Furthermore, for every x* G UneN^^n 
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have that x* (^J^tei ^tSt) x*{x). Proposition [T5] yields that < Umgn-^^^ ^ norm dense in 
Xq and this proves the claim and the entire proof is completed. □ 

Notation 5. In the sequel we shall denote by Jxt ■ ^ ^ the 1-1, bounded linear map defined 
by Jxt{x) = X, where x — {x,x,...). 

Proposition 17. Let X be the HI interpolation space. Then the following hold: 

(a) If Y is a closed subspace of X such that Jxt ■ Y — > Xt is strictly singular, then Y is a HI 
space. 

(b) IfY,Z are closed subspaces of X such that JxtW o,nd Jxt\z o,re strictly singular, then 
d{SY,Sz)^0. 

Proof, (a) We observe, following the notation of the previous section, that for every t E T the map 
TTt : X ^ Zt has dimension 1, since as shown in the proof of Proposition llGl TTj (X) =< Ct > and so nt 
is strictly singular. Notice also that for every a; G X and every n e N we have that jnix) = Jxt {x). 
As every X„ is isomorphic to Xt, we get that j„|y is also strictly singular. Corollary [5]Jc) yields 
the result. 

(b) We notice that, as in part (a), for every i G T the maps 7rf|y and 'Kt\z are strictly singular. 
Moreover, by our assumptions, for every n G N the maps jnW and jn\z are also strictly singular. 
Let e > arbitrary. Arguing as in Corollary[2lJc) we are able to construct two normalized sequences 
(j/n)n and {zn)n and a diagonally block sequence {wn)n such that the following are satisfied. 

(i) For every n G N, ?/„ G y and z„ G Z. 

(ii 1^271-1 -Vn\\ <e and Y.n ll"'2n - Zn\\ < s. 
The space W — < (wn)n > is HI by Corollary [2jc) . Hence, if we set Wi = < (it;2n-i)ri > and 
W2 = < {w2n)n > we scc that d{Swi, SW2) — ^- e can be chosen arbitrarily small, by (ii) above, 
we conclude that d{SY, Sz) = 0, as desired. □ 

Proposition 18. The space X is reflexive. 

Proof. We recall the following well-known facts. First ii T : X ^ Y is a Tauberian operator, then 
W C X is relatively weakly compact if and only if T{W) is (see [H]). Moreover, by a classical 
result of A. Grothendieck [2], we have that a set K C X is relatively weakly compact if for every 
£ > there exists a weakly compact set C X such that K C + eBx . As we have assumed 
the set W is weakly compact in Xt. It is easy to see that W almost absorbs Jxt{Bx), i-e. for 
every e > there exists A > such that Jxt{Bx) ^ + eBxt- Hence, by Grothendieck's 
criterion, Jxri^x) is a relatively weakly compact subset of Xt- It is a well known fact that Jx^r 
is a Tauberian operator (c.f ^). Hence Bx is also a relatively weakly compact subset of X and 
the proof is completed. □ 

The last step in this section is to prove that if is a thin subset of Xt then the space X is HI. 
Let us recall the notion of thin operators. 

Definition 32. Let X, Y be Banach spaces and T : X ^ Y be a bounded linear operator. T is 
called a thin operator ifT(Bx) is a thin subset of Y . 

Remark 18. It can be readily seen that if T is a thin operator, then it is also strictly singular. (c.f. 

ED- 

Proposition [T7] immediately yields that if is a thin subset of Xt then the space X is HI. 
Combining this with Propositions [TBI fTHl and Remark [15] we obtain the proof of Theorem [5] stated 
in the beginning of this section. 

8. The final results 

Theorem 6. Every separable reflexive Banach space X is a quotient of a reflexive HI Banach 
space X{X) with a bimonotone Schauder basis. 
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Proof. Let X be a separable reflexive Banach space. By Zippin's Theorem (Theorem we obtain 
that X can be isomorphically embedded into a reflexive Banach space with a bimonotone Schauder 
basis {xn)n- We denote this space Xz- Starting now with Xz we pass to the space Xq. The map 
$ defined in Definition [9] yields that ^(K) is |-dense in the ball of Xz- By passing to the space 
Xi we have by Remark [TU] that Ji(K) = K and thus the operator $i = $ o maps (K) onto a 
|-dense in the ball of Xz- We construct the space starting with 3ii and K. By Theorem [T] the 
identity operator : i— >■ Xi is continuous and maps K onto itself. Finally, the natural injection 
(denoted as Jxt in the general case) : X — >■ preserves K as does Ji. Thus, by taking the 
composition Q — $io/oJ^ we can see that it is an onto map from X to Xz- Thus Xz is a quotient 
of X. As the set is thin in X^ (by Theorem [1]) Theorem [5] yields that X is the desired reflexive 
HI space for Xz- A subspace of Xz will have X as a quotient and this completes the proof. □ 

Starting with a reflexive X and following the steps of the above proof for the its dual X* , we 
have the following cofinal property of Indecomposable reflexive Banach spaces within the class of 
separable refiexive Banach spaces. 

Theorem 7. Every separable reflexive Banach space can be embedded into an Indecomposable 
reflexive Banach space- 
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